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Abstract

This paper introduces two-player bargaining problems allowing for asymmetric subjective
uncertainty about factors that determine whether agreement is achieved, focusing on surprising
events, i.e. events believed possible by only one player. A ‘subjective Nash’ solution is proposed,
in which a bargaining outcome is defined as immune to all possible appeals given the subjective
uncertainty of disagreement. In addition to Pareto optimality and independence of irrelevant al-
ternatives, the main axiom in the solution characterization is ‘subjective symmetry’. The solution
is shown to be equivalent to a specific, non-symmetric, Nash solution, with preference depen-
dent weights that equal the subjective probability players assign to the intersection of their belief
supports.
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1 Introduction

Investigation of the decision-making processes within bargaining naturally
leads to a discussion on the e¤ects of uncertainty. In Nash�s (1950) seminal
work on axiomatic bargaining theory, the potential possibility of breakdown,
however uncertain, is fundamental to the study of bargaining outcomes. Nash
implicitly models uncertainty with respect to disagreement as an objective
probability. In contrast, decisions under uncertainty are predominantly mod-
elled in the economics literature using subjective probability. Moreover, it is
natural to assume that the bargainers� subjective beliefs are fundamentally
di¤erent, in the sense that there exists no common prior from which they are
derived.
This paper proposes a bargaining model that bridges the gap between

Nash�s assumption that the probability of breakdown is objective and the
more general assumption of subjective probability without a common prior.
Following the axiomatic approach of Nash (1950) and Rubinstein, Safra and
Thomson (RST 1992), we suggest a two-player solution entitled �subjective
Nash�. The main new feature is the assumption that players have subjec-
tive uncertainty about factors that determine whether agreement is achieved,
focusing on the e¤ect on bargaining caused by surprising events, i.e. events
believed possible by only one player. Assuming subjective expected utility, the
main aim of this paper is to axiomatize a bargaining solution that incorporates
this kind of asymmetry between the players.
The following example describes a simple bargaining situation that can be

addressed by the proposed model, but not by any existing bargaining model
in the literature.

Example 1 An innovative technology is o¤ered by a seller to a potential
buyer and they bargain over its price. The buyer is uncertain about a poten-
tial improvement in the technology that might be discovered by the seller�s
competitor after the bargaining concludes. The seller, however, is certain that
this speci�c improvement is technologically impossible. Thus both players
are aware of the contingency that such an improvement may be discovered,
but only the buyer believes that this contingency is possible. Nevertheless,
the players have common features in their mutual beliefs. In particular, they
know that if one of them argues against some possible agreement currently �on
the table�, the bargaining process will fail contingent on some jointly observed
index suggesting that the economy is weak. This index forms the common fea-
ture in the players�beliefs, in the sense that conditional on the event that no
improvement is discovered by the competitor, the seller and the buyer assign
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identical conditional probabilities to the value of the index. It is assumed that
there is common knowledge between the players about their di¤erent beliefs
and that both players are expected utility maximizers. The question is which
outcome we should predict for this bargaining situation, in which players have
inherent subjective beliefs and there may be a surprised player.
According to the proposed bargaining solution, even under the assumption

that both players are risk neutral, the potential, surprising improvement re-
sults in an agreed price that splits the joint gain from the sale unequally. This
is interpreted according to an axiomatic, cooperative approach, as well as a
strategic, non-cooperative one. Under the cooperative approach, since there
is no way for the players to know whose belief is �correct�, they evaluate an
agreement outcome contingent only on non-surprising events. Consequently, a
player who believes with positive probability that an agreement will not be im-
plemented, the buyer in our example, is compensated in terms of the bargained
share of the total gain from the sale. Under the non-cooperative approach, it
is interpreted that players argue over their mutual incentives to appeal against
various possible agreements, while considering disagreement only on events be-
lieved possible by both of them. Consequently, the non-surprised player, again
the buyer in our example, who assigns a lower probability to events believed
possible by both players and thus to disagreement, has a greater incentive to
appeal and therefore achieves more than the opponent.

Our model allows both players to have disjoint, surprising events, each af-
fecting the players as described above. Players are permitted to adopt any
attitude towards risk, not necessarily risk neutrality. We show that the pro-
posed subjective Nash solution is equivalent to a speci�c non-symmetric Nash
solution, with weights equal to the subjective probabilities the players assign to
the intersection of their belief supports. Thus our axiomatic approach allows
the derivation of asymmetric weights for the players, which are used to deter-
mine the bargaining outcome.1 The axioms that uniquely derive this solution
include Pareto optimality, independence of irrelevant alternatives (IIA) and a
new axiom entitled �subjective symmetry�. This axiom requires a symmetric
agreement when e¢ cient alternatives are mixtures of two extreme alternatives
and the only source of asymmetry is the existence of surprising events. The ax-
ioms uniquely characterize an outcome that is immune to all possible appeals,
where asymmetry in beliefs is taken into account when appeals are evaluated
by the players.

1These weights are derived from the players�preferences, as opposed to assuming they
are exogenous as in Kalai (1977) and Valenciano and Zarzuelo (1994).
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Our approach follows RST (1992), who reformulated the Nash solution
in terms of alternatives and preferences and extended it to a family of non-
expected utility preferences. Revising the symmetry and IIA axioms, they
characterized the �ordinal Nash�solution, which is de�ned by outcomes against
which no player can appeal. Grant and Kajii (1995) extended the domain of
the ordinal Nash solution and provided a cardinal characterization on that do-
main. Hanany and Safra (2000) presented necessary and su¢ cient conditions
on players�non-expected utility preferences for existence and uniqueness of or-
dinal Nash outcomes. Burgos, Grant and Kajii (2002a, 2002b) considered al-
ternating o¤ers bargaining games with an exogenous probability of breakdown
after a refusal in any round. They show that in the limit, as the probability
of breakdown goes to zero, a stationary subgame perfect equilibrium satis�es
a property they call �equally marginally bold�, which ordinal Nash outcomes
also satisfy.
Asymmetric bargaining solutions were also proposed in the literature un-

der various interpretations. Nash (1950) argued that symmetry between the
players indicates equal bargaining skills, although later Nash (1953) claimed
that di¤erent bargaining skills are impossible when the two players are rational.
Binmore (1987) justi�ed the lack of symmetry as an expression of di¤erent bar-
gaining power due to strategic advantages in speci�c bargaining circumstances.
Kalai (1977) introduced the family of non-symmetric Nash solutions, which is
derived without the symmetry axiom and de�ned by outcomes that maximize
the product of utility gains over the disagreement outcome, after each gain
is raised to the power of a player speci�c weight. It was interpreted that
each player represents a group of bargainers and a symmetric Nash solution
applies to the whole population, thus a player�s weight is the exogenous pro-
portion within the population of the corresponding group. Following the work
of Kalai (1977) and RST (1992), Valenciano and Zarzuelo (1994) extended
the ordinal Nash solution by introducing the family of �ordinal w-Nash�solu-
tions, that coincide under expected utility with Kalai�s non-symmetric Nash
solutions. Based on the assumption that players have asymmetric perceptions
of the risk of disagreement, their solution is de�ned by applying exogenous
power transformations that connect the probability of agreement assumed by
each player in an appeal. Grant and Kajii (1995) argue that the asymmetric
Nash solutions correspond to applying the symmetric Nash solution to a class
of nonexpected utility preferences. Our work may be viewed as endogenously
deriving the weights in the asymmetric solutions from the players�preferences.
None of the models discussed in the literature allow for subjective uncer-

tainty to a¤ect bargaining outcomes, in particular when the players�beliefs
have no common prior. As discussed above, this is the main contribution of
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the current paper.
The structure of the paper is as follows. We present the axiomatic bargain-

ing model, including the proposed axioms, the solution and two characteriza-
tion results. The �rst shows that the subjective Nash solution is equivalent to
a non-symmetric Nash solution with weights derived from the players�prefer-
ences. The second result shows that the bargaining solution is characterized
uniquely by the axioms. We also present a non-cooperative game that ex-
actly implements the subjective Nash solution. Proofs and technical results
are collected in an Appendix.

2 Axiomatic Bargaining Model

2.1 Preliminary De�nitions

We consider bargaining problems of the form hX;D;%1;%2i. The set of fea-
sible alternatives X is a subset of a universal set X of all simple (i.e., �nite
support) lotteries over a set of consequences Z. D 2 X is the disagreement
outcome. Thus, we allow bargaining over some divisible surplus, as well as over
the objective probability of allocating a non-divisible commodity. Following
the framework of Anscombe and Aumann (1963), each player i�s preference
relation %i is de�ned over the set A of all simple acts, i.e. �nite valued �-
measurable functions a : S �! X, where S is a set of states of nature and �
is an algebra of events. The states re�ect the uncertainty of the players over
factors such as market and technology parameters, that determine whether
agreement is achieved. Thus for each player i, there exists an a¢ ne expected
utility function ui : X �! R and a subjective probability pi : � �! [0; 1] such
that %i over acts is represented by the expected utility ui with respect to pi.
Constant acts, which are acts that give the same lottery x 2 X in every state,
are denoted for simplicity by x. Of special interest are binary acts of the form
xEy, giving a lottery x on event E 2 � and a lottery y otherwise. For these
acts,

xEy %i �x �E�y
() pi(E)ui(x) + [1� pi(E)]ui(y) � pi( �E)ui(�x) + [1� pi( �E)]ui(�y).

The model focuses on the e¤ect on bargaining caused by di¤erences in
players�beliefs due to surprising events, i.e. events that are believed possible
by only one player. Thus, denoting the probability support of pi by Ti, we
assume that the belief support intersection I � \iTi is non-empty and that pi
are identical conditional on I. This implies that there exists a probability c over
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S such that c(I) = 1 and for each i and E, pi(E) = pi(I)c(E \ I)+ pi(E \ Ic),
where Ic denotes the complement of I. Note that this assumption permits the
existence of E � Ic for which pi(E) > 0 but pj(E) = 0 for some i and j 6= i.
We also assume that players�preferences satisfy (a) for each i, pi is non-atomic
on I, and (b) the utility image of X is R2.2
The domain B of bargaining problems is de�ned so that the players�pref-

erences %i are �xed and the pair hX;Di is allowed to vary. This conforms
with the �revealed group preferences�approach initiated by Peters and Wakker
(1991) and followed by Hanany (2006), which considers the agreements reached
by players in di¤erent bargaining situations as a way to reveal the bargain-
ers�preferences as a group. As explained in the introduction, we show that
the revealed group preferences for the proposed bargaining solution is a spe-
ci�c non-symmetric Nash aggregation rule with preference dependent weights.
Thus from now on, the pair of preferences is omitted from the notation of a
bargaining problem. We de�ne B as the set of all pairs hX;Di which satisfy:
(1) X is compact and convex3, (2) for every x 2 X and i, x %i D, (3) there
exists x 2 X such that x �i D for both i, (4) for each i, there exists a unique
BXi 2 X satisfyingBXi %i x for every x 2 X andBXi �j D, and (5) the e¢ cient
frontier function for each player j, fj(�) � maxfuj(x) j x 2 X; ui(x) = �g
is continuously di¤erentiable. To simplify notation, when discussing a spe-
ci�c problem hX;Di, without loss of generality, ui are normalized such that
ui(B

X
i ) = 1 and ui(D) = 0. The assumptions above imply that fj is strictly

decreasing and concave and for any Pareto optimal x, uj(x) = fj[ui(x)].

2.2 Axioms and Solution

A bargaining solution is a function F : B ! X such that for any bargaining
problem hX;Di 2 B, the bargaining outcome is feasible, i.e. F(X;D) 2 X.
We now specify three axioms that a bargaining solution F should satisfy. The
�rst two axioms are the standard Pareto optimality condition and Nash�s well
known independence of irrelevant alternatives (IIA). The third axiom, subjec-
tive symmetry, is new and central to the characterization of the bargaining
solution.

Axiom 1 PAR (Pareto optimality): Let hX;Di be a bargaining problem and
x1; x2 2 X. If x1 %i x2 and x1 �j x2, then F(X;D) 6= x2.

2Formally, (a) 8E � I s.t. pi(E) > 0, 9E0 � E s.t. pi(E) > pi(E0) > 0, and (b) for any
v1; v2 2 R, there exists x 2 X such that 8i, ui(x) = vi.

3Convexity is de�ned with respect to lottery mixtures, i.e. x1; x2 2 X implies �x1+(1�
�)x2 2 X.
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The formulation of Nash�s IIA is modi�ed according to our framework in
terms of alternatives and preferences. The axiom requires that a bargaining
outcome for a feasible set is (indi¤erent to) a bargaining outcome for any sub-
set containing this outcome, because alternatives not included in the subset
are concluded to be irrelevant if available. This interpretation emphasizes
the revealed group preferences approach (Peters and Wakker, 1991), because
bargainers are treated as one decision making unit to whom rationality con-
siderations such as IIA can be assigned.

Axiom 2 IIA (Independence of irrelevant alternatives): Let hX1; Di and
hX2; Di be two bargaining problems. If X1 � X2 and F(X2; D) 2 X1, then
F(X1; D) �i F(X2; D) for both i.

For the statement of our last axiom, we de�ne a canonically symmetric
problem.

De�nition 1 A problem hX;Di is canonically symmetric if there exists no
x 2 X and � 2 [0; 1] such that x %i �BX1 + (1��)BX2 for both i, with a strict
preference for at least one player.

In this de�nition, symmetry is re�ected by the property that any feasible
alternative is equivalent for both players to some objective probability mixture
of the best alternatives BXi and the disagreement outcome D. Since this is a
strong form of symmetry, the following axiom, which applies only to canoni-
cally symmetric problems, is a weak requirement on the bargaining solution,
because it applies only to the relatively few such symmetric problems in the
domain. The axiom requires that for canonically symmetric problems, there
exists a symmetric alternative that is equivalent for both players to agreement
on the solution outcome, contingent on the belief support intersection I.

Axiom 3 SUBSYM (Subjective symmetry): If hX;Di is a canonically sym-
metric problem and y� = F(X;D), then there exists � 2 [0; 1] such that the
lottery x = �(0:5BX1 + 0:5B

X
2 ) + (1� �)D satis�es x �i y�ID for both i.

The axiom is interpreted as follows: since there are no sub-events of the
belief support intersection I that are believed possible by only one player, it is
possible to have pre-commitment to the solution outcome y�, but only contin-
gent on I occurring. For example, this can be achieved via a signed contract,
possibly with the aid of an arbitrator, in which the agreement contingencies
believed possible by both players, i.e. states in I, are written down. It is
interpreted that players evaluate agreements contingent only on I. Hence,
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following a cooperative approach, indi¤erence to a symmetric alternative x is
required for both players. The symmetry of the alternative x is expressed by
equal objective probability weights given to the best alternatives BXi , which
implies ex-ante equality for both players in normalized utility terms.
We now turn to the de�nition of the proposed bargaining solution. Sim-

ilarly to Rubinstein, Safra and Thomson (1992), the bargaining outcome is
de�ned as an alternative that is immune to all possible appeals.

De�nition 2 For x; y 2 X, x is an appeal against y, denoted x� y, if there
exists a player i and an event E � I such that DEx �i y and x �j DEy.

Following the non-cooperative approach, appeals have an entirely di¤erent
interpretation than the one provided by the axioms above. It is understood
that throughout the bargaining process, an appeal occurs when a player i
demands an alternative x in favor of an alternative y and player j does not
object. Both players know that under such a demand or objection, agreement
depends on some external factors that a¤ect both players in the same way
(e.g. time loss), thus agreement would be reached only contingent on some
disagreement event E not occurring. The de�nition of an appeal requires
that player i prefers facing uncertain agreement on x over accepting y, i.e.
DEx �i y, while player j prefers accepting the demand for x over objecting
and facing uncertain agreement on y, i.e. x �j DEy. Disagreement events
E are restricted in this interpretation to satisfy E � I, which is justi�ed as
follows. In the bargaining process, players argue over their mutual incentives
to appeal against some alternative. Since they cannot alter the beliefs of their
opponent, they can only argue over the consequences of disagreement events
believed possible by both of them. Therefore the disagreement event E must
be contained in their belief support intersection I.
Using the concept of appeals, the bargaining outcome in the non-cooperative

approach can now be de�ned.

De�nition 3 A subjective Nash outcome to the problem hX;Di is an alter-
native y� 2 X such that there is no x 2 X satisfying x� y�.

2.3 Characterization

Two characterization theorems are provided. First, we establish equivalence
between the subjective Nash solution and a speci�c non-symmetric Nash solu-
tion, with preference dependent weights that equal the subjective probability
players assign to the belief support intersection I. Then we provide our main
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theorem, characterizing the solution using the axioms described in Section 2.2.
Both theorems are proved in the Appendix.

Theorem 1 For any bargaining problem hX;Di, there exist subjective Nash
outcomes, all equivalent for both players. Moreover, y� is a subjective Nash
outcome if, and only if, it is a non-symmetric Nash outcome with weights
wi = pj(I) for both i, i.e. y� 2 argmaxx2X

Q
i[ui(x)]

pj(I).

The following example demonstrates how the bargaining solution incorpo-
rates the e¤ect of surprising events.

Example 2 Consider the example presented in the introduction. In this ex-
ample, the event I represents the contingency that no potential improvement
is discovered by a competitor. Event E � I represents, under this contin-
gency, possible values of a jointly observed index of the economy, that a¤ects
the bargaining process ending in agreement. The feasible set X is the set of
all simple lotteries over fz = (z1; z2) 2 R2+ j

P
i zi � V g, representing alloca-

tions of the joint gain V from the sale, where BXi allocates V solely to player
i and D = (0; 0) represents no sale. Under the assumption of risk neutrality,
ui(z) = zi and the bargaining problem is canonically symmetric. According
to Theorem 1, subjective bargaining outcomes exist and coincide with non-
symmetric bargaining outcomes. In particular, a unique sure outcome is the
degenerate lottery with prize z� 2 argmax

Q
i(zi)

pj(I). This outcome is char-
acterized by 8i, z�i

1�z�i
=

pj(I)

pi(I)
, i.e. z�i =

pj(I)

p1(I)+p2(I)
. For example, if the buyer

assigns p1(I) = 1
2
and the seller assigns p2(I) = 1, then z� = (23 ;

1
3
). This ex-

ample demonstrates the e¤ect of an event believed possible by only one player:
the surprised player, i.e. the seller, gains less than the buyer.

The following main axiomatization theorem states that the subjective Nash
solution uniquely satis�es the axioms.

Theorem 2 A bargaining solution F satis�es the axioms PAR, SUBSYM
and IIA if, and only if, for every problem hX;Di, F(X;D) is a subjective
Nash outcome.

2.4 Implementation

The subjective Nash solution can be implemented as the unique solution to a
non-cooperative extensive form game, an extension and adaptation of a game
suggested by Howard (1992). Without loss of generality, assume that p1(I) >
p2(I).
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De�nition 4 Extensive form game. Player 1 announces an o¤er y 2 X and
subsequently player 2 announces a counter-o¤er x 2 X and a disagreement
event E � I. Finally, player 1 determines the outcome of the game by choosing
between DEx and D�(E)y.

The event �(E) is de�ned as a function of the event E such that �(E) � E.
It is not chosen by the players, but predetermined in the rules of the game
in order to incorporate a balanced threat of disagreement. In particular, the
event �(E) is de�ned so that both players face the same threat of disagreement,
represented by the event E.

De�nition 5 For any event E � I, let �(E) be an event satisfying �(E) � E
such that for any two alternatives w; z, player 1�s preference between w and
DEz is identical to her preference between DEw and D�(E)z.4

Note that player 2�s choice implies a trade-o¤ between the incentive to
announce a small event E, which would improve the outcome DEx for him,
and the incentive to announce a large event E in order to threaten player
1 with disagreement when she chooses the outcome D�(E)y. Our concluding
theorem states that the game de�ned above exactly implements the subjective
Nash solution. The proof is in the Appendix.

Theorem 3 For every bargaining problem hX;Di, an alternative x 2 X is a
subgame perfect equilibrium (SPE) outcome if, and only if, it is a subjective
Nash outcome.

3 Conclusion

This paper �lls the gap between existing axiomatic models of bargaining and
the assumption that players�uncertainty is modelled using subjective proba-
bility with no common prior. The proposed solution is characterized by axioms
that take into account the e¤ect of surprising events, i.e. events believed possi-
ble by only one player. Further research is needed to investigate more general
models of subjective uncertainty, e.g. when players�beliefs cannot be described
by a unique subjective probability as exempli�ed by the Ellsberg paradox.

4Equivalently, �(E) � E and satis�es p1[�(E)] = 1� [p1(Ec)]2.
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Appendix

Proof of Theorem 1. Step (1). First note that when considering appeals,
we can restrict attention to Pareto optimal alternatives. Indeed, if x �i y and
x %j y then x � y because DEx �i y and x �j DEy for a small enough
E � I. Moreover, if in addition y � z, then the Pareto dominant x also
satis�es x� z.
Step (2). Let y be Pareto optimal for hX;Di. For any � 2 [0; 1] and � 2 [�; 1],
let rj(�;�) =

fj(�=�)

fj(�)
and gj(�) =

drj
d�
j�=1 = ��f 0j(�)

fj(�)
. We show that there

exists a Pareto optimal x such that x� y if, and only if, gj[ui(y)] <
pj(I)

pi(I)
for

some player i (and j 6= i). To see this, �rst recall that by assumption, 8k,
pk(E) = pk(I)c(E \ I) + pk(E \ Ic), so for E � Ic,

1� pj(E)
1� pi(E)

=
1� [pj(I)c(E \ I) + pj(E \ Ic)]
1� [pi(I)c(E \ I) + pi(E \ Ic)]

=
pj(I)� pj(I)c(E \ I)
pi(I)� pi(I)c(E \ I)

=
pj(I)

pi(I)
.

Thus, we can de�ne a function hj : [pi(Ic); 1] ! [pj(I
c); 1] such that for any

E � Ic, hj[pi(E)] = pj(E), which is well de�ned by the assumption that 8k,
pk is non-atomic on I. Note that hj is strictly increasing and linear with slope
pj(I)

pi(I)
and hj(1) = 1. Also note that there exists a Pareto optimal x such that

x� y if, and only if, there exists a Pareto optimal x, i and E � Ic such that
pi(E) >

ui(y)
ui(x)

and pj(E) <
uj(x)

uj(y)
=

fj [ui(x)]

fj [ui(y)]
= rj[

ui(y)
ui(x)

;ui(y)]. Thus it is su¢ cient

to show that for both j, gj[ui(y)] <
pj(I)

pi(I)
if, and only if, 9�; �1 such that �1 > �

and rj[�;ui(y)] > hj(�1). To this end, note that since fj is strictly decreasing
and concave, rj[�;ui(y)] is strictly increasing and concave in �, rj[1;ui(y)] = 1
and its slope at � = 1 is gj[ui(y)].It follows that gj[ui(y)] <

pj(I)

pi(I)
if, and only

if, 9� satisfying rj[�;ui(y)] > h(�), which by continuity of hj; rj holds if, and
only if, 9�; �1 such that �1 > � and rj[�;ui(y)] > h(�1).
Step (3). We provide conditions that characterize a subjective Nash outcome.
From step (2), there exists no appeal against a Pareto optimal y, if and only
if, 8j, gj[ui(y)] � pj(I)

pi(I)
. Since pi(I)

pj(I)
> 0, the latter condition is equivalent to

�ui(y)f 0j [ui(y)]
fj [ui(y)]

� pj(I)

pi(I)
� �fi[uj(y)]

uj(y)f 0i [uj(y)]
. The left most and right most terms in the

these inequalities are equal because fj[ui(y)] = uj(y) 8j and
Q
j f

0
j[ui(y)] = 1,

as f1; f2 are inverse functions. It follows that a subjective Nash outcome is
characterized by the conditions

8j; gj[ui(y�)] =
pj(I)

pi(I)
.
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Figure 1: The functions rj and hj and the existence of an appeal x� y

Step (4). We show that there exist subjective Nash outcomes. For player 1,
since f1 is strictly decreasing, concave, continuously di¤erentiable and positive
for � 2 (0; 1), we have that g1(�) = ��f 01(�)

f1(�)
is positive, increasing and contin-

uous there. Moreover, since g1(0) = 0, lim�!1 g1(�) = 1 and 0 < p1(I)
p2(I)

< 1,
there exists a unique ��1 2 (0; 1) for which g1(��1) = p1(I)

p2(I)
. By convexity of

X and utility normalization, there exists a Pareto optimal y� 2 X satisfying
��1 = u2(y

�). Since
Q
j gj[ui(y

�)] = 1, it follows that 8j, gj[ui(y�)] = pj(I)

pi(I)
,

which by step (3) implies that y� is a subjective Nash outcome. Clearly all y�

satisfying these conditions are equivalent for both players.
Step (5). Finally, we show that y� is a subjective Nash outcome if, only if,
y� 2 argmaxx2X

Q
i[ui(x)]

wi, where wi = pj(I). A maximizer of
Q
i u

wi
i ex-

ists by compactness of X and must be Pareto optimal by monotonicity, thus
di¤erentiating the maximand with respect to i�s utility, we have d

dui

Q
k u

wk
k

= d
dui
[uwii [fj(ui)]

wj ] = wiu
wi�1
i [fj(ui)]

wj +uwii wj[fj(ui)]
wj�1f 0j(ui) = 0. Hence

pj(I)fj(ui) +pi(I)uif
0
j(ui) = 0 and therefore a maximizer is a Pareto opti-

mal y� satisfying
�ui(y�)f 0j [ui(y�)]

fj [ui(y�)]
=

pj(I)

pi(I)
. This condition is also su¢ cient for

maximum by quasi-concavity of
Q
i u

wi
i and convexity of X. Thus the desired

result is achieved because the same conditions characterize a subjective Nash
outcome and a non-symmetric Nash outcome with weights wi = pj(I).
Proof of Theorem 2. By Theorem 1, subjective Nash outcomes exist
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for every hX;Di and y� is a subjective Nash outcome if, and only if, it is a non-
symmetric Nash outcome with weights wi = pj(I). Therefore, it is su¢ cient
to prove the theorem for such non-symmetric Nash outcomes.
Step (1). For the if part of the theorem, suppose that for every problem
hX;Di, F(X;D) is a non-symmetric outcome with the above weights wi. We
show that F satis�es the axioms.
PAR. If x1; x2 2 X such that x1 %i x2 and x1 �j x2, then

Q
k[uk(x

1)]wk >Q
k[uk(x

2)]wk because uwkk is increasing in uk, thus x2 cannot be a maximizer.
IIA. If X1 � X2 and y� = F(X2; D), then y� maximizes

Q
k u

wk
k over X2 and

therefore it is also a maximizer over X1. Thus by Theorem 1, y� �i F(X1; D)
for both i.
SUBSYM. Let hX;Di be a canonically symmetric bargaining problem and
let y� = F(X;D). We �rst show that fj is linear for both j. Fix i 6= j and
� 2 [0; 1]. Since X is convex, �BX1 + (1 � �)BX2 2 X. Let x 2 X be Pareto
optimal such that x �i �BX1 + (1� �)BX2 . By canonical symmetry of hX;Di,
uj[�B

X
1 + (1 � �)BX2 ] � uj(x). By expected utility, for both k, uk[�BX1 +

(1� �)BX2 ] = �uk(BX1 ) +(1� �)uk(BX2 ) and since BXk ; x are Pareto optimal
then �fj[ui(BX1 )] +(1��) fj[ui(BX2 )] � fj[ui(�BX1 +(1��)BX2 )]. Moreover,
concavity of fj implies the opposite weak inequality and thus equality. By
expected utility again, it follows that for all 0 � � � 1, �fj[ui(BX1 )] +(1 �
�)fj[ui(B

X
2 )] = fj[�ui(B

X
1 ) + (1 � �)ui(BX2 )] and therefore fj is linear. By

normalization and fj being strictly decreasing,
P

k uk(y
�) � 1. By step (5) in

the proof of Theorem 1, y� satis�es

p1(I)u1(y
�) = p2(I)u2(y

�).

Moreover, pk(I) � 1 implies
P

k pk(I)uk(y
�)� 1, thus pk(I)uk(y�) � 1

2
for both

k. Let � = 2pk(I)uk(y�), thus � 2 [0; 1]. Let x 2 X such that x = �(0:5BX1
+0:5BX2 ) +(1 � �)D, then u1(x) = u2(x) = pk(I)uk(y

�), which implies that
y�ID �k x for both k.
Step (2). For the only if part of the theorem, suppose that F satis�es the
axioms. We show that for every problem hX;Di, F(X;D) is a non-symmetric
outcome with weights wi =

pj(I)

pi(I)+pj(I)
(which is equivalent to having weights

pj(I)). Let x� = F(X;D) and let y� be a non-symmetric outcome for hX;Di
with the above weights wi. For both i, let ~ui = �iui, where �i = wi

ui(y�)
, so

~ui(y
�) = wi and ~ui(D) = 0. Thus it is su¢ cient to show that ~ui(x�) = wi

for both i. We �rst show that there exists no x 2 X satisfying
P

k ~uk(x) >P
k wk = 1. To this end, suppose that such an x exists. For 0 < " < 1,

mixtures l = "x + (1 � ")y� are ensured feasible because X is convex. Let

12

The B.E. Journal of Theoretical Economics, Vol. 7 [2007], Iss. 1 (Topics), Art. 29

http://www.bepress.com/bejte/vol7/iss1/art29



h(") =
Q
k[~uk(l)]

wk , so h(0) =
Q
k w

wk
k and

h0(0) =
X

i
wi[wi + "(~ui(x)� wi)]wi�1[~ui(x)� wi][wj + "(~uj(x)� wj)]wj j�=0

= h(0)
X

k
[~uk(x)� wk] > 0,

thus there exists " > 0 such that h(") > h(0), contradicting y� being a maxi-
mizer. It follows that for any x 2 X,

P
k ~uk(x) � 1. For both i, let BYi 2 X

such that ~ui(BYi ) = 1 and ~uj(B
Y
i ) = 0, the existence of which is ensured by

the assumption that the utility image of X is R2. Let Y be the set of mixtures
of BYi ; D, consequently the utility image of Y , f(v1; v2) 2 R2+ j

P
k vk � 1g,

contains the utility image of X, f[~u1(x); ~u2(x)] j x 2 Xg, where the point
(w1; w2) lies on the e¢ cient frontier of both sets. Let y�� = F(Y;D). By
PAR, ~u1(y��) + ~u2(y��) = 1. By SUBSYM, there exists 0 � � � 1 and
x = �(0:5BX1 + 0:5B

X
2 ) +(1� �)D in X such that y��I D �i x for both i, thus

pi(I)~ui(y
��) = ~ui(x) for both i. By normalization, ~u1(x) = ~u2(x) = 0:5� and

therefore p1(I)~u1(y��) = p2(I)~u2(y��). Thus ~u1(y��)w2 = ~u2(y
��)w1, therefore

~ui(y
��) = wi for both i. Since X � Y , IIA implies F(X;D) �i F(Y;D) for

both i, consequently ~ui(x�) = wi for both i, as required.
Proof of Theorem 3. The game is solved for SPE outcomes using

backward induction. Let y� be a subjective Nash outcome.
(i) We show that it is optimal for player 2 to announce x and E such that
x �1 DEy. Suppose that x �1 DEy, which implies that the SPE outcome is
DEx by the de�nition of �(E). Player 2 will be strictly better o¤ announcing
x̂ �2 x or Ê � E while maintaining player 1�s choice and improving DEx for
herself. Now suppose that DEy �1 x, which implies that the SPE outcome is
D�(E)y. But then player 2 will do at least as well by announcing Ê = ; and
x̂ = y, thus guaranteeing the outcome y because �(;) = ;. Therefore it is
optimal for player 2 to have x �1 DEy.
(ii) Player 1 can guarantee a subjective Nash outcome by announcing such an
outcome. To see this, it is su¢ cient to show that it is a best reply for player
2 also to announce a subjective Nash outcome and E = ;. Observe that by
(i), x �1 DEy

� and the SPE outcome is either DEx or D�(E)y
�. Since player 2

can guarantee a subjective Nash outcome by announcing such an outcome and
E = ;, a best reply for player 2 implies either DEx %2 y� or D�(E)y

� %2 y�.
In both cases E = ; by Lemma 1 (in the Appendix), thus x is equivalent to
y� for both players and therefore x is a subjective Nash outcome.
(iii) Finally, we show that any optimal choice for player 1 leads to an SPE
outcome that is a subjective Nash outcome. Note that (i) and (ii) imply that
it is not optimal for player 1 to announce y such that y� �1 y, because the
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outcome is then either DEx or D�(E)y, both strictly worse for player 1 than a
subjective Nash outcome that can be guaranteed by announcing y�. Suppose
that it is not optimal for player 1 to announce a subjective Nash outcome,
so y �1 y�. By (i), DEx �1 D�(E)y. We show that if player 1 chooses the
outcome D�(E)y then DEx �2 D�(E)y. Suppose that player 1 chooses the
outcome D�(E)y. If DEx �2 D�(E)y then player 2 can be strictly better o¤
announcing the same E but a Pareto optimal x̂ such that x̂ �1 DEy and
DEx̂ �2 D�(E)y. If D�(E)y �2 DEx then E = ;, because E 6= ; implies that
player 2 is strictly better o¤ announcing the same x and Ê = ;. But then,
since y is not a subjective Nash outcome and y �1 y�, there exists x̂ � y for
player 2, i.e. there exists Ê � I such that DÊx̂ �2 y and x̂ �1 DÊy, and
E = ; implies that player 2 will be strictly better o¤ announcing x̂ and Ê.
Therefore if player 1 chooses the outcome D�(E)y then DEx �2 D�(E)y. Thus
player 2�s best reply implies (x;E) 2 argmax(z;F )2Qfp2(F c)u2(z)g, where Q =
f(z; F ) j u1(x) = p1(Ec)u1(y)g, so x is Pareto optimal and u2(x) = f2[u1(x)].
By assumption on pk, pk(Ec) = 1 � pk(I)c(E). Therefore p2(Ec)u2(z) =
[1 � p2(I)

p1(I)
(1 � u1(z)

u1(y)
)]f2[u1(z)]. The �rst order condition for player 2�s best

reply is f2[u1(x)]
f 02[u1(x)]

+ u1(x) = (1 � p1(I)
p2(I)

)u1(y). Since the right-hand-side of this
equation is negative and the left-hand-side is strictly increasing with u1(x),
u1(x) is strictly decreasing with u1(y). Therefore p1(Ec)u1(x) =

[u1(x)]2

u1(y)
is

also strictly decreasing with u1(y), contradicting y being player 1�s optimal
choice. Thus y �1 y�. By the argument at the end of the proof of Theorem
1, �u1(y)f

0
2[u1(y)]

f2[u1(y)]
= p2(I)

p1(I)
. Therefore the �rst order condition for player 2�s best

reply implies x �1 y� and E = ;.5 Since x and y� are Pareto optimal, x �2 y�,
so x is a subjective Nash outcome. Since DEx �2 D�(E)y whenever player 1
chooses D�(E)y, E = ; implies that the SPE outcome is a subjective Nash
outcome. Therefore the unique SPE solution to the game is the subjective
Nash solution.

Lemma 1 If y� is a subjective Nash outcome, then for any non-empty E � I,
x �i DEy

� implies y� �j DEx.

Proof of Lemma 1. Suppose that y� is a subjective Nash outcome
and for some non-empty E � I, x �i DEy

� but DEx %j y�. Since E 6= ;,
y� �i x and x �j y�. Therefore ui(x) = pi(Ec)ui(y�) and pj(Ec)uj(x) � uj(y�).

5We cannot conclude that y �1 BX1 from p1(E
c)u1(x) being strictly decreasing with

u1(y). This is the case since u1(y) = u1(y
�) implies u1(x) = u1(y), thus u1(y) < u1(y

�)
implies u1(x) > u1(y) and so x �1 DEy cannot hold for any event E.
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By assumption on pk, pk(Ec) = 1 � pk(I)c(E). Thus [1 � ui(x)
ui(y�)

] 1
pi(I)

= c(E)

� [1� uj(y
�)

uj(x)
] 1
pj(I)

, so [1� ui(x)
ui(y�)

]pj(I) � [1� uj(y
�)

uj(x)
]pi(I). Therefore, for k 6= m,

d

d�

Y
k
[(1� �)uk(x) + �uk(y�)]pm(I)

����
�=1�

= [
Y

k
[uk(y

�)]pm(I)]
X

k
[1� uk(x)

uk(y�)
]pm(I)

� [
Y

k
[uk(y

�)]pm(I)][2� uj(y
�)

uj(x)
� uj(x)

uj(y�)
]pi(I)

< 0,

where the latter inequality follows because uj(y�) 6= uj(x) and t + 1
t
> 2 for

all t 6= 1. Thus there exists z = (1 � �)x + �y� for some � < 1 such thatQ
k[uk(z)]

pm(I) >
Q
k[uk(y

�)]pm(I). By convexity of X, z 2 X, contradicting y�
being a subjective Nash outcome.
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